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ABSTRACT

Longterm integrations of planetary systems are used in a variety of astrophysical applications, in-
cluding determining a system’s stability. In this paper, we describe significant speed and accuracy
improvements to the WHFast512 integrator. By completely rewriting WHFast512 in x86 assembly, we
gain fine-grained control over CPU instructions and are able to keep the entire simulation state in CPU
registers, only writing to memory when an output is required. We also reduce the number of branches
to two per timestep, improve the Kepler solver’s speed and accuracy with a convergence check, switch
the Hamiltonian splitting to Jacobi coordinates, implement symplectic correctors, and add support
for ejection and collision detection. With these improvements, we can integrate all eight planets of
the Solar System with general relativistic corrections for 5 Gyr in under 8.7 hours, 4x faster than the
runtime reported in the original WHFast512 paper and almost 10x faster than integrators that do not
use AVX512 instructions. This makes WHFast512 by far the fastest N-body integrator for this kind
of simulation. We run extensive tests to verify the integrator’s accuracy, with a particular focus on
removing any long-term bias, and show that the accuracy is now five orders of magnitude better for
typical setups. The new WHFast512 integrator is freely available in the REBOUND integrator package.

Keywords: N-body simulations (1083) — Celestial mechanics (211) — Computational methods (1965)

— Solar system evolution (2293) — Planetary system evolution (2292)

1. INTRODUCTION

Symplectic integrators that make use of the Wisdom-
Holman splitting (J. L. Wisdom 1981; J. Wisdom & M.
Holman 1991; H. Kinoshita et al. 1991) are widely used
to integrate particles in systems where the motion is
dominated by one central object such as planetary sys-
tems. Many different variants of the Wisdom-Holman
(WH) integrator exist including several high order meth-
ods. For an overview, see e.g. H. Rein et al. (2019).

In contrast to many other problems in computa-
tional astrophysics, N-body simulations with small N,
such as simulations of planetary systems, cannot easily
be parallelized because they are inherently sequential.
Timesteps are performed one after another because the
result of each timestep is required for the next one®. As
such, even on modern CPUs and with access to large

5 P. Saha et al. (1997) use a time parallel method with some
success in terms of runtime, but it comes with a high compu-
tational cost.

computer clusters, an individual N-body simulation of
the Solar System can take days or weeks to run.

Over the years, improvements in computer perfor-
mance, particularly CPU speed, have significantly re-
duced the runtime of astrophysical simulations. In Fig. 1
we plot the wall-clock time (elapsed real time) required
to integrate the Solar System with all eight planets for
5 Gyr, as reported in 13 publications spanning eight
decades. The wall-clock time has been normalized to ac-
count for different timesteps and numbers of planets. As
indicated by the dashed line, the wall-clock time falls off
exponentially, halving on average every 2.5 yr. This is
consistent with Moore’s law (G. E. Moore 1965), which
predicts that the number of transistors on a computer
chip doubles approximately every 2 yr (G. E. Moore
1975).

What Fig. 1 hides is that CPU clock rates have
barely increased since approximately the year 2000 (A.
Danowitz et al. 2012). This is due to physical con-
straints, such as CPU heat dissipation, and architectural
choices that favor parallel processing of large data sets,
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Figure 1. The wall-clock time required for an integration of the Solar System with all eight planets for 5 Gyr as reported

by W. J. Eckert et al. (1951); C. J. Cohen & E. C. Hubbard (1965); X. X. Newhall et al. (1983); H. Kinoshita & H. Nakai
(1984); J. H. Applegate et al. (1986); T. R. Quinn et al. (1991); J. Wisdom & M. Holman (1991); K. Batygin & G. Laughlin

(2008); J. Laskar & M. Gastineau (2009); D. S. Abbot et al.

(2023) and P. Javaheri et al. (2023). The bottom right data point

shows the result reported in this paper. The four rightmost data points all use a version of either WHFast or WHFast512. The
dashed line shows an exponential function, halving the walltime every 2.5 yrs. The data has been adopted from Sam Hadden,

https://shadden.github.io/nbody _history/.

including multi-core CPUs and GPUs (H. Esmaeilzadeh
et al. 2011). The performance gains shown in Fig. 1 over
the last two decades, particularly those reported by P.
Javaheri et al. (2023) and the present work, are not due
to higher clock rates but rather due to improvements in
algorithms and the use of advanced CPU instructions.
AVX512 describes a set of CPU features which extends
the standard x86 instruction set by adding new instruc-
tions that operate on 512-bit wide registers. Such a
register can store up to 8 double precision floating point
numbers. One AVX512 instruction can then operate on
all 8 floating point numbers in parallel. This makes it
ideal for scientific computing where many floating point
operations are required. Parallelization with AVX512
has the big advantage that all operations happen on
one CPU, thus avoiding the need for communication be-
tween different CPU/GPU cores or cluster nodes. This
is particularly important for the kind of astrophysical
simulation we are concerned here as one timestep can
take as little as 100ns®. Some compilers can automati-
cally generate AVX512 instructions, but as we show in
this paper, their capabilities are nowhere near what can
be achieve by assembling the instructions by hand. The
fact that the Solar System has 8 planets is a fortunate

6 This corresponds to a light travel time of only 30m!

coincidence as it allows us to fully occupy a register with
exactly one floating point number for each of the 8 plan-
ets.

Our work builds on that described in P. Javaheri et al.
(2023), which uses explicit AVX512 instructions for N-
body simulations of planetary systems. This first version
of the WHFast512 integrator was written in C99 using in-
trinsic functions for the AVX512 instructions. Although
this approach is convenient from a programming per-
spective, it leaves many decisions about register use and
the order of operations to the compiler. The present
paper describes several significant improvements to the
WHFast512 integrator, which we refer to as WHFast512
Version 2. Specifically, we reduce the wall-clock time by
a factor of 4 while increasing the accuracy by 5 orders
of magnitude.

We note that K. Nitadori et al. (2006) and A.
Tanikawa et al. (2012) also use SSE and AVX instruc-
tions to speed up N-body simulations. Their meth-
ods use a Hermite scheme and target star clusters with
more particles than the systems considered here, N ~
103 — 10°. Like us, they accelerate their algorithms by
writing crucial parts in assembly.

The plan for this paper is as follows. In Section 2 we
describe the algorithmic improvements that we made
such as switching to Jacobi coordinates and changes to
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the Kepler solver and the Stiefel functions. We then fo-
cus on the performance optimizations in Section 3 where
we discuss our choice to reimplement WHFast512 in as-
sembly, the advantages of keeping the entire simulation
in registers, an efficient matrix multiplication algorithm,
how we avoid branching, and when the use of approx-
imate operations is acceptable. Various tests are pre-
sented in Section 4 which demonstrate the accuracy and
performance of our new integrator. We discuss in Sec-
tion 5 why we think our integrator is almost optimal,
making it very hard to achieve further speed improve-
ments. We conclude in Section 6.

2. ALGORITHMIC IMPROVEMENTS

The main idea of a WH integrator is to split the mo-
tion of each planet into two parts: motion around the
central object on a Keplerian orbit and perturbations
from interactions with the other planets. This pertur-
bative approach reduces the error, relative to a non-
perturbative integrator, by a factor comparable to the
Jupiter-to-Sun mass ratio, roughly 102 in the Solar
System.

To perform this splitting, a WH integrator must solve
two problems in a leap-frog fashion. First, planets are
moved along Keplerian orbits in the Kepler step. Ke-
pler’s equation has no closed form solution, so this step
is performed iteratively. Second, forces from planet-
planet interactions are applied in the interaction step.
This step can be computed explicitly in any inertial
frame but can be computationally expensive because it
involves N-(N —1)/2 force evaluations.

Parallelizing the Kepler and interaction steps poses
different challenges and we describe the algorithmic im-
provements in this section. For a more comprehensive
introduction to symplectic integrators and specifically
the WHFast and WHFast512 integrators, see H. Rein &
D. Tamayo (2015) and P. Javaheri et al. (2023).

2.1. Jacobi Coordinates

The separation into Keplerian motion and a perturba-
tion part is not unique and can be done in different ways,
each of which has its own advantages and disadvantages
(see H. Rein & D. Tamayo 2019 for an overview of the
most commonly used Hamiltonian splittings). The first
version of WHFast512 used democratic heliocentric coor-
dinates (DHCs) for the Hamiltonian splitting. This does
not require coordinate transformations between the in-
teraction and Kepler steps. Furthermore, planets do not
need to be ordered. However, for the same timestep,
a Hamiltonian splitting based on DHCs is less accu-
rate than one based on Jacobi coordinates (A. Farrés
et al. 2013). In particular, DHCs are not well suited
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for long-term integrations of planetary systems, as de-
scribed in detail in H. Rein et al. (2026). This is be-
cause the DHC splitting of the Hamiltonian introduces
an additional numerical precession that can easily dom-
inate over physical effects. To avoid unphysical results,
one needs to reduce the timestep by almost an order of
magnitude. However, doing so eliminates the potential
speed-up gained by WHFast512.

For this reason, we use Jacobi coordinates in the new
version of WHFast512. The main downside of Jacobi
coordinates is that they require coordinate transforma-
tions between each Kepler step and interaction step.
Specifically, one needs to transform the positions from
Jacobi coordinates to heliocentric coordinates before the
interaction step and transform the accelerations from he-
liocentric coordinates to Jacobi coordinates afterward.

One key insight that allows us to implement these co-
ordinate transformations efficiently is that they can be
written as linear transformations, specifically 8 x 8 tri-
angular matrices for an eight-planet system. The matrix
coeflicients are constants and can be calculated once at
the beginning of the simulation because they depend
only on the particle masses, not on their positions or
velocities (see, e.g., H. Beust 2003). Our specific imple-
mentation of an efficient matrix-vector multiplication is
described in Section 3.3.

Another advantage of a Hamiltonian splitting in Ja-
cobi coordinates is that it allows for symplectic correc-
tors, which can reduce errors by orders of magnitude
with almost zero overhead (J. Wisdom et al. 1996). We
implement symplectic correctors of order 17 using a con-
catenation of Kepler and interaction steps.

2.2. General Relativity, Close Encounters, and
Ejections

The stability of planetary systems, particularly the
Solar System, is sensitive to the precise precession fre-
quencies of the planets (J. Laskar 2008; J. Laskar &
M. Gastineau 2009; G. Boué et al. 2012; G. Brown &
H. Rein 2023). We therefore implement an option to
include a general relativistic correction to Newtonian
gravity in the form of an additional 1/r? potential cen-
tered on the central object. This first order correction
mimics the effects of general relativistic precession (A.
Nobili & I. W. Roxburgh 1986). Because we use Ja-
cobi coordinates, we already calculate the heliocentric
distance of each planet in the interaction step. Thus,
adding this correction term has minimal cost because
no additional square roots or divisions are required.

We also implement optional checks for close encoun-
ters and ejections at every timestep. The ejection check
compares the heliocentric distance of each planet with
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a preset value. The simulation stops when the distance
exceeds this value. Similarly, the encounter check com-
pares the distance between each pair of planets with a
preset value. The simulation stops when the distance
falls below this value. Once again, we can reuse dis-
tances that are already calculated in the interaction
step, so these checks do not add significant overhead.

All three optional features increase the runtime by at
most a few percent.

2.3. Kepler Solver

Since no closed form solution to Kepler’s equation ex-
ists, this non-linear problem must be solved iteratively.
In the first version of WHFast512, an initial guess was
refined using a fixed number of iterations. This works
for packed systems such as the Solar System because
we can assume a priori that the planets occupy only a
restricted range of orbital parameters (eccentricity and
orbital period), as they would otherwise collide with one
another. However, this approach fails for other systems,
particularly those in which high eccentricities might oc-
cur temporarily without leading to an instability. For
this reason, we improve the Kepler solver in this version
of WHFast512.

We follow the notation of S. Mikkola (1997) and H.
Rein & D. Tamayo (2015) and write Kepler’s equation
as

7"0X+770G82(6,X)+<0G53(ﬂ,X)—dt:(), (1)

where Gs,, are Stiefel functions (E. L. Stiefel & G.
Scheifele 1975), which in turn depend on Stumpff func-
tions ¢, that we implement using a truncated Taylor
series (see Eq. 2). The goal is to find X given the
timestep dt and the quantities rq, 8, 19, (o, all of which
depend on the positions and velocities at the beginning
of the timestep.

Our new algorithm works as follows. We start with a
first order guess for X = dt/ro. We then perform two
Halley steps to refine X. In the first step, we include
only 9 terms in the Taylor expansion of the Stumpff
functions. In the second step, we include 11 terms. Now
that the estimate is relatively close to the solution, we
refine it with a Newton step for which we include 19
terms in the Stumpff functions. At this point we intro-
duce a convergence check, similar to what is present in
WHFast but is absent in the first version of WHFast512.
We refine the solution for each planet with Newton iter-
ations until it has converged according to an empirically
determined criterion [0X| < € = 107!, We found that
if we have not yet converged after four Netwon itera-
tions, then we are likely to not converge at all. Thus, if
a converged solution is not obtained after the first four

Newton iterations, then we switch to a fallback bisection
method. Once the solution has converged, we calculate
the f and ¢ functions used to update the positions and
velocities.

With AVX512, we can perform the Kepler step in par-
allel for eight planets. However, the slowest converging
solution (typically that of the innermost or most eccen-
tric planet) determines the maximum number of itera-
tions for all planets. To ensure that each planet’s so-
lution remains independent of all other planets in the
simulation, only the lanes for planets that have not yet
converged are updated at each step. This is impor-
tant because an excessive number of iterations on an
already converged solution can actually worsen the ac-
curacy due to accumulating roundoff errors. We achieve
this using masked instructions that write only to the
lanes corresponding to planets that have not yet con-
verged. Masked instructions themselves have no over-
head in terms of latency and throughput, but we require
some CPU cycles to generate and update the masks at
each iteration.

The specific sequence of Halley and Newton steps and
the number of terms used in the Taylor series expansion
of the Stumpff functions were identified through a brute-
force comparison of all possible combinations, subject
to the requirement of convergence to machine precision.
We then chose the most efficient sequence for a typical
Solar System integration. For different applications, for
example in cases with highly eccentric orbits, a different
sequence might be slightly faster.

To summarize our implementation of the Kepler
solver, we list the pseudocode in Algorithm 1. The Ke-
pler solver is evaluated for all 8 planets in parallel using
AVX512 instructions. Note that for readability, we do
not show the masked instructions or the mask genera-
tion.

2.4. Roundoff in the Stiefel functions

We need to evaluate Stiefel functions Gs for the Kepler
solver described above. The Stiefel functions in turn
depend on the Stumpff functions ¢,,. We calculate the
Stumpff functions from a truncated Taylor series:

Mterms (_Z)]

(n+25)!

(2)

cn(2)
j=0

In floating point arithmetic, this evaluation carries a
small but systematic bias. The bias has two different
origins. First, the inverse factorial coefficients of the se-
ries are pre-calculated and rounded to the nearest rep-
resentable number. Second, the summation of the series
involves rounding at every term. Both effects are tiny,



Input: dt, positions, velocities
Output: positions, velocities
r, B,m, + from positions and velocities

/* First order guess */
X « dt/r
/* First two refinements */

Gso,1,2,3 < Stiefel(X, 8, nTerms = 9)
X « Halley(X, dt, Gso,1,2,3,8,7)
Gso0,1,2,3 < Stiefel(X, 3, nTerms = 11)
X Halley(X, dt, G80,1,2737,3, ’I])
/* Newton iteration loop */
X + X
for i < 0 to 4 do
GS1,273 — Stiefel(X,ﬂ, nTerms = 19)
X <« Newton(X, dt, Gs1,2,3,3,m)
if |X — X'| < e then
| goto converged
X « X
/* Fallback bisection method x/
Period «+ from positions and velocities
Xmin < 27 floor(dt/Period)//B
Xmaz <— szn + 271'/\/3
X (szn + Xma,z)/Q
for i < 0 to 51 do
Gsy,2,3 < Stiefel(X, 8, nTerms = 19)
if r X 4+ 1n Gsa 4+ ¢ Gss < dt then
| Xmin < X
else
L Xmaz < X
X + (Xmin + Xmaz)/2

/* Final update */
converged:

Gsl,z,_g <+ StiefelCompensated (X, 8, nTerms = 19)
f,9,f,g < using Gs1,2,3,1,(, dt

new positions <— using f, g, positions, velocities
velocities «— using f,g, positions, velocities

positions <— new positions

Algorithm 1. Pseudocode of the new WHFast512 Ke-
pler solver. Gso,1,2,3 are the Stiefel functions defined in S.
Mikkola (1997) and implemented using Algorithm 2. The
quantities X, 8, n, and ¢ are defined in H. Rein & D. Tamayo
(2015).

of the order of 1072° per timestep, but they can ac-
cumulate over time because the rounding errors in the
coefficients are constant. This causes the energy error
in long integrations to grow linearly in time.

This bias is present in the first version of WHFast512,
although it is hardly visible in a typical simulation be-
cause the overall scheme error is significantly larger than
in our new version (see Section 2.1). Here, we aim to im-
plement a less biased scheme in which the energy error
grows only with the square root of the number of steps,
consistent with Brouwer’s law (D. Brouwer 1937).

We reduce the bias with the following two changes.
First, we precalculate the rounding errors of the in-
verse factorial coefficients of the series in extended preci-
sion. Second, we evaluate the series with a compensated
summation that includes both the original inverse fac-
torial coefficients and rounding error corrections. The
compensated summation retains the low order bits that
would otherwise be lost. Neither change is sufficient on
its own because the coefficient corrections are too small
to be represented in double precision and are simply dis-
carded unless the compensated summation also carries
the extra bits. Only the last few terms of the series re-
quire this correction because, for a typical timestep, the
correction is small and the higher order terms are negli-
gible. Furthermore, only the final evaluation of ¢,, that
we ultimately use for the f and g functions requires this
correction because this evaluation advances the parti-
cles’ positions and velocities. Intermediate evaluations
used inside the iterations of the Kepler solver do not sig-
nificantly affect the final state. The correction therefore
adds only a handful of operations to the series evaluation
per timestep, but it restores the expected random walk
behavior of the energy error over multi-Gyr integrations,
as we show in Section 4.3.

We list the pseudocode for our Stiefel function evalua-
tion in Algorithm 2. The Stiefel functions are evaluated
for all 8 planets in parallel using AVX512 instructions.

3. OPTIMIZATIONS

In Section 2 we described algorithmic improvements
to WHFast512. In this section we focus on the imple-
mentation details that make this algorithm run fast.

3.1. Assembly

The first version of WHFast512 was written in C99
with special intrinsics that map directly to AVX512
instructions. This approach makes it easy to include
AVX512 in existing code. However, one disadvantage
is that it does not allow fine-grained control over var-
ious aspects of the code because intrinsics leave those
details to the compiler. For example, the compiler allo-
cates registers and decides which variables to put on the
stack.

For these reasons, the main parts of the new version of
WHFast512 are now written in about 800 lines of x86 as-
sembly. We make extensive use of macros, which allow
us to reuse much of the code for different configurations.
Specifically, macros generate 24 slightly different func-
tions for simulations with different number of planets,
with and without general relativistic corrections, with
and without encounter checks, as well as with and with-
out ejection checks (see Section 2.2). Similarly, macros



Input: X, 8, nTerms
Output: Gso,1,2,3
z + BX?
/* Stumpff functions by Horner’s method x/
¢z « 1/(nTerms — 1)!
¢z < 1/nTerms!
/* Plain Horner for the higher order terms */
for k£ < nTerms — 2, nTerms — 4, ..., 7 do
cg +— 1/kl —zcs
L 2+ 1/(k=1)!—zc
/* Compensated Horner for the last two terms
*/
d2 0
d3 — 0
for k < 5,3 do
D  zZc3
pe + fma(z, cs, —p)
cs < 1/kl—p
Se < (1/k!'—¢c3) —p
d3 < (Se — 0k — pe) — 2d3
p < zc2
pe < fma(z, c2, —p)
2+ 1/(k—1!—p
Se+ (1/(k—=1)!—c2)—p
L dz < (85 75)@_1 7}?6) *Zdz
Co +— Co2 +do
c3 < c3 +ds3
/* Stiefel functions from Stumpff functions */
G82 <— X2 C2
G83 < X3 Cc3
GS1 — X — ﬁ G3
GSD — 11— ﬂGQ

Algorithm 2. Pseudocode of our Stiefel function evalu-
ation. The Stumpff functions c2 and c3 are evaluated by
Horner’s method from their truncated Taylor series, and
the Stiefel functions follow from the recurrence relations (S.
Mikkola 1997). The last two Horner steps of each series use
a compensated summation that accumulates the rounding of
every operation in a low order word d, which is added back
at the end. Here, fma(a,b,c) = ab + c is evaluated with a
single rounding, and dx is the precomputed rounding error
of the coefficient 1/k!. This compensation is applied only
in the final evaluation that produces the f and g functions;
intermediate evaluations use plain Horner for all terms.

create six different functions for symplectic correctors.
This approach avoids branching because we can select
the most appropriate kernel once at the beginning of the
integration.

3.2. Keeping the Simulation in Registers

AVX512 supports 32 CPU registers, each 512 bits
wide. Using only seven registers, we can keep the en-
tire simulation state, specifically the masses, positions,
and velocities of all particles, in registers at all times.
The remaining registers are sufficient for performing all

computations and storing intermediate values and con-
stants such as the timestep and numerical factors.

We still need to use memory to store some constants,
such as the 128 matrix coefficients (see below) as these
alone would take up half the available registers. How-
ever, by keeping the simulation state in registers, we
never have to write to memory during an integration
except when an output is required. Thus, the cache is
not polluted and can work very efficiently. In fact, we
have zero cache misses”. As a result, WHFast512’s per-
formance is not limited by the speed of memory access
in contrast to many other HPC applications.

3.3. Matrixz Multiplications

As discussed in Section 2.1, we need to perform several
matrix multiplications to transform from Jacobi coordi-
nates to heliocentric coordinates and back. In the case of
eight planets, we need to multiply an 8 x 8 matrix by an
8-element vector containing x, y, or z coordinates. Thus,
in total, we need to perform six matrix-vector multipli-
cations per timestep. It is therefore crucial to optimize
this calculation as much as possible. We achieve very
good performance by combining several approaches.

First, the matrix elements are constants stored in
memory. Because we never write to memory (see above),
they remain in the CPU’s L1 cache, and load operations
are therefore very efficient.

Second, we perform the multiplications for three co-
ordinates at the same time. This way, we need to load
each matrix element only once and can reuse it for all
three coordinates.

Third, we use two accumulators per coordinate. The
accumulators are only combined at the end of the multi-
plication. This allows the CPU to schedule instructions
in parallel and avoids data dependencies in the pipeline.

Fourth, we use fused multiply-add instructions exten-
sively. These instructions improve both throughput and
accuracy by avoiding an intermediate rounding step.

3.4. Awoiding Branches

Branches such as those originating from conditional
statements or loops can significantly slow down a sim-
ulation. This is because modern CPUs often execute
instructions out-of-order, but branches with multiple
possible outcomes make such execution more difficult.
We therefore carefully remove almost all branches in
WHFast512’s kernel and are left with only two.

The first branch controls the overall loop over individ-
ual timesteps. This branch allows the loop to terminate

7 Cache misses might still occur if the operating system performs
some other operation on the CPU during an integration.



after the specified number of timesteps. The other re-
maining branch is in the Kepler step, where it checks for
convergence (see Section 2.3).

3.5. Square Roots

The interaction step is dominated by the pairwise
force evaluations between planets, each of which is pro-
portional to 1/73, where r is the distance between the
two particles. No single instruction computes 1/73, and
on current CPUs and both the square root and the divi-
sion instruction have a low throughput and high latency.
We therefore use the approximate reciprocal square root
instruction rsqrt14, which returns an estimate of 1/y/z
accurate to about 14 bits. The rsqrt14 instruction has
a latency of about 8 clock cycles compared to over 50
for the normal square root plus division instructions. We
already have r2 from the distance calculation, so apply-
ing rsqrt14 to r2 returns an estimate of 1/v72 = 1/r.
Similar to A. Tanikawa et al. (2012), we refine this es-
timate with two Newton-Raphson iterations, and then
obtain 1/7 with two additional multiplications. Doing
so makes the reciprocal square root accurate to machine
precision. This procedure replaces the expensive square
root and the division instructions with a short sequence
of multiply and fused-multiply-add instructions, all of
which are high throughput and low latency.

In comparison to the actual IEEE 754 compliant
square root and division instructions, the result of our
procedure is not guaranteed to be correctly rounded.
However, in the case of the interaction step, the round-
ing is not crucial as a) the accelerations we calculate are
small to begin with as they are perturbations to the Kep-
lerian motion, b) because they get multiplied by a small
number, the timstep, and ¢) because we encounter the
same rounding error for both particles and thus, thanks
to Newton’s thirs law, energy is conserved regardless.

In the Kepler step we need both the distance r as
well as its reciprocal 1/r: r is used to compute ¢, and
1/r to compute 8 and the first order guess for X. Here
the square root is evaluated only once per planet and
timestep, and not once for each of the N-(N—1)/2 pairs
as in the interaction step. It therefore does not lie on
the throughput-critical path, and the Kepler step re-
mains dominated by the later iterative solver. Further-
more, because the result of the square root operation is
used at the end of the Kepler step to advance the posi-
tions and velocities, any bias would propagate to those
quantities. We thus avoid the rsqrti14 instruction used
for the pairwise forces and use the IEEE 754 compliant
square root and division instructions in the Kepler step
instead.

4. TESTS
4.1. Kepler solver

The Kepler solver of WHFast512 is crucial for both the
speed and accuracy of the entire integrator. We there-
fore test the Kepler solver extensively with one particle
at a time. We use a fixed timestep of 5 days and plot the
results over a grid of semi-major axis and eccentricity.
The phase of the orbit is chosen randomly.

Figure 2 shows the relative semi-major axis error, the
sign of the semi-major axis error, as well as the number
of iterations in the Kepler solver. We also overplot the
current orbital parameters of Mercury and Venus. The
vertical dashed lines correspond to the planets’ semi-
major axes. The other dashed lines correspond to lo-
cations in parameter space where a particle crosses the
orbit of Mercury or Venus. The solid white line shows
where the pericenter timescale (J. Wisdom 2015) is equal
to the timestep. These lines help to understand whether
the accuracy in a region of parameter space matters or
not. For example, if the timestep is larger than the peri-
center timescale (top left above the solid white line),
then we fail to resolve physically relevant timescales.
Similarly, if a planet becomes very eccentric, then the
planet is likely to have a close encounter with a neigh-
bouring planet shortly afterwards. In both cases, the
Kepler solver is no longer the limiting factor for the ac-
curacy of a simulation.

The left panel of Fig. 2 shows that, in the most rele-
vant region of parameter space, the Kepler solver is ac-
curate to machine precision, ~ 10716, The middle panel
shows that the sign of the error is random in the same
region. This is important for having an unbiased inte-
grator (see Section 2.3). For example, imagine we have
an integrator accurate to 10716 after one timestep but
with a bias of the same magnitude (i.e., the sign of the
error is the same every time). After, say, 10!! steps cor-
responding to a few Gyr in a Solar System integration,
the error in the semi-major axis would have increased
to 107 from this error source alone. If, on the other
hand, the integrator is unbiased, then the error would
only be 10716.10'1/2 ~ 3. 1011,

The right panel shows the number of iterations re-
quired for the Kepler solver to converge. Since we always
have two Halley steps followed by at least one Newton
step, the minimum number of iterations is 3. For a large
region of parameter space, we indeed converge in only
3 iterations. More iterations are required for higher
eccentricities and shorter orbital periods. The yellow
colour indicates where we fail to converge in 7 iterations
and thus have to fall back to the bisection method. This
only occurs for very eccentric orbits. Note that even in
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the case where the bisection method was used, the error
remains close to machine precision and the sign of the
error remains random.

The Kepler solver fails for very short orbital periods.
This is expected because our algorithm does not sup-
port timesteps that are larger than the orbital period.
Fixing this is easy enough to do (it is done in WHFast),
but would introduce an additional branch in the code
which would affect the speed of the algorithm. Since
simulations in which the timesteps are large compared
to the innermost planet’s period lead to unphysical re-
sults anyway (J. Wisdom 2015), we decided to not im-
plement a Kepler solver which unconditionally converges
in all cases.

Finally, we repeat the tests from Fig. 2 with the
same 5 day timestep but now integrate each particle
for 1000 orbital periods instead of only one timestep.
The results are shown in Fig. 3. As expected, the rel-
ative semi-major axis error is now larger as errors ac-
cumulate. The sign of the semi-major axis error is still
random in the bottom right region of parameter space,
indicating that the Kepler solver remains unbiased here.
However, the area in which the sign is consistently pos-
itive or negative has increased. This result reveals a
biased contribution to the error. As this term grows
x t, it will dominate over the unbiased oc v/t term over
sufficiently long timescales. We show in Section 4.3 that
the timescale over which this bias becomes apparent in

a simulation of the Solar System is longer than the age
of the Solar System.

4.2. Convergence

We test the convergence of WHFast512 by integrating
the Solar System with all eight planets for 100 years.
The relative energy error at the end of the integration
is plotted as a function of the timestep in Fig. 4 for
different integrators.

The new WHFast512 integrator converges as the
timestep gets smaller, as expected for a second order
scheme. When symplectic correctors are turned on, the
errors are reduced by a further factor of ~ 102 for typical
timesteps ~ 5 days. For timesteps smaller than ~2 days,
the error starts to increase again as the timestep is re-
duced further because we reach the floor imposed by
double precision floating point arithmetic.

Note that the old version of WHFast512 performs sig-
nificantly worse because it uses democratic heliocentric
coordinates rather than Jacobi coordinates and does not
support symplectic correctors. For the same timestep,
the new version of WHFast512 is 5 orders of magnitude
more accurate.

4.3. Longterm Integrations

We test the long-term conservation properties of
WHFast512 by simulating the Solar System with all eight
planets and general relativistic corrections for 10 Gyr.
We use a timestep of 6 days and turn on symplectic
correctors. The initial conditions of each simulation are
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Figure 4. Relative energy error as a function of the
timestep for different integrators in a 100 year simulation
of the Solar System with all eight planets.

perturbed by a few meters in a random direction. The
relative energy errors of the 80 simulations and their
median are shown as a function of time in Fig. 5.

The median relative energy error remains below 10710
over 10 Gyr. The errors grow as AE/E ~ 1.2-10716 .
v/ Nsteps- This shows that the integrator is unbiased and
follows Brouwer’s law (D. Brouwer 1937) over physically
relevant timescales. We expect that over much longer
timescales, we will eventually see linear error growth
(see the discussion in Section 4.1).

Note that two simulations go unstable at late times
which leads to a spike in their energy errors. Instabil-
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Figure 5. The relative energy error as a function of time
in 80 simulations of the Solar System. The bold black line
shows the median. The dotted line shows the expected be-
havior for an unbiased integrator that is accurate to machine
precision after one timestep. T'wo simulations go unstable at
late times, leading to a large energy error.

ities in the Solar System are expected and the rate of
instability is consistent with previous results (J. Laskar
& M. Gastineau 2009; H. Rein et al. 2026).

4.4. Runtime

To measure the runtime, we compare WHFast512 to
the non-SIMD WHFast, one of the fastest N-body inte-
grators for planetary systems (P. Javaheri et al. 2023).
We once again use the Solar System with all 8 planets,
a 6 day timestep, and general relativistic corrections as
the canonical test case. All results presented here are
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WHFast in simulations with different number of planets. For
WHFast512 simulations that use Ngystems > 1, the corre-
sponding WHFast simulation are run sequentially.

from simulations performed on an AMD EPYC 9655
2.6GHz processor. Similar speedups were measured on
an Intel Xeon Gold 6148 2.4GHz CPU.

We were able to finish a 5 Gyr integration in
only 8.7 hours. This corresponds to a 60% speedup
when compared to a simulation with the earlier ver-
sion of WHFast512 using the same timestep and CPU.
When compared to the non-SIMD version of WHFast,
this corresponds to a more than 8x speedup. For
WHFast, aggressive compiler optimizations were used
(-03, -march-native). For WHFast512 the specific com-
piler or compiler optimizations do not matter as it is
written in assembly.

If the number of planets N is < 4 WHFast512 can in-
tegrate multiple systems at the same time as we can
pack one AVX512 register with data from up to 8 plan-
ets and they don’t necessarily need to be in the same
system. The speedup for different numbers of planets
and different numbers of planetary systems integrated
at the same time are shown in Fig. 6. As one can see,
the speedup is linear in the number of planets if the
number of systems is kept fixed. WHFast512 performs
best when 8 planets are integrated at the same time as
this fills up one AVX512 register. For the case of 2 plan-
ets in 4 different planetary systems, WHFast512 is more
than 12 times faster than WHFast.

4.5. A Note on Units

In the tests in this section, we use physical units to
describe the setup and results. For example, we use
a timestep of 5 days. Since gravity is scale invariant,
this does not lead to a loss of generality. What matters
physically is the timestep relative to the orbital period.

However, we introduce a scale into the problem by set-
ting the Kepler solver’s convergence criterion to a fixed
value €, which has units of time divided by length. In
practice, this means that the units should be chosen such
that positions and velocities are not excessively large

or small. For example, having the innermost planet at
0.01 AU or 100 AU is perfectly fine, but having a planet
at 10''m or 10~ *2Mpc is not. If necessary, € can to be
adjusted accordingly.

Furthermore, WHFast512 is hardcoded to use units in
which the gravitational constant is G = 1. This allows
us to avoid multiplications by G entirely. We also hard-
code the speed of light when general relativistic correc-
tions are used. Thus, in practice and without loss of
generality, the code units used by WHFast512 measure
length in astronomical units and time in yr/27.

5. DISCUSSION

We argue that, with the improvements described in
Sections 2 and 3, we approach the optimal performance
attainable by a Wisdom-Holman type integrator on a
standard CPU. There are several reasons why further
significant improvements (speedups of 2 2x) will be
hard to achieve.

First, the code is entirely compute bound. Thus,
the latency and throughput of instructions, particularly
floating point operations, are the limiting factors for
WHFast512. Since we do not use memory to store the
simulation state and read only a small amount of mem-
ory for coordinate transformations, the code is never
memory bound. This is in contrast to many other scien-
tific HPC applications where memory access is the main
bottleneck. As a result, higher memory bandwidth, uni-
fied memory, in-memory processing, and other memory
related technologies are irrelevant to our application.

Second, if we optimize one part of the algorithm, we
are limited by the fraction of the total runtime con-
tributed by that part (Amdahl’s argument, G. M. Am-
dahl 1967). In our case, the main parts of the algo-
rithm are the interaction step, the Kepler step, and the
matrix-vector multiplications used for coordinate trans-
formations. These take up approximately 25%, 63%,
and 11% of the total runtime, respectively.

Thus, the Kepler step is the most promising target
for further optimization. Within the Kepler step, about
50% of the time is spent in the iterations solving Kepler’s
equation. As we have shown in Section 4.1, we require
only three iterations to converge to a solution for most
orbits. We must perform at least two iterations to check
for convergence. Thus, we can remove at most one of the
three iterations, for example by finding a better initial
guess, using data from previous timesteps, or using a
higher order solver. Even under the optimistic assump-
tion that such a change would not involve any additional
computational work, this would give us a speedup of at
most 2/3-50% - 63% = 20%. Some improvements might
be possible with a different formulation of the Kepler



problem itself, for example one that does not rely on
the Stiefel functions or the f and g functions.

Next, we consider the interaction step. Here, the
main bottlenecks are the throughput and latency of
the square root and division instructions needed for the
force calculations. We already use the faster, 14 bit
accurate rsqrti4 instruction with only two refinement
steps. Thus, without hardware changes, such as provid-
ing more floating point units for each CPU core, we do
not expect a significant speedup of the interaction step.

Finally, even a substantial improvement to the matrix-
vector multiplication would yield an overall speedup of
at most 11%.

For all these reasons, we believe that our implemen-
tation of WHFast512 is almost optimal for simulations
of planetary systems with N < 8 planets on the current
generation of high-end CPUs.

6. CONCLUSIONS

In this paper, we have presented a new version of the
WHFast512 N-body integrator. This Wisdom-Holman
style algorithm has been highly optimized for planetary
systems with N < 8 planets. It is by far the fastest
N-body integrator currently available for this kind of
simulation. Using a timestep of dt = 6 days, WHFast512
can integrate the eight planets of the Solar System for
5 Gyr in under 8.7 hours on an AMD EPYC 9655 proces-
sor. On the same hardware, this is 60% faster than the
previous version of WHFast512 and more than 8% faster
than the non-SIMD version of WHFast, which is itself
already significantly faster than most N-body codes (P.
Javaheri et al. 2023).

We achieved this speedup by switching from C to as-
sembly, giving us much finer control over individual reg-
isters and CPU instructions. Specifically, this rewrite
allowed us to keep the entire simulation state in CPU
registers, reduce the number of branches in the code
to just two per timestep, and implement a highly op-
timized matrix-vector multiplication for the coordinate
transformations.

In addition to a significant speedup, we also switched
WHFast512 to Jacobi coordinates, allowing us to use
symplectic correctors and thus suppress errors by up to
5 orders of magnitude. We took great care to make our
implementation of the Kepler solver as bias-free as pos-
sible, thereby enabling reliable long-term integrations.

Although our discussion has focused on the Solar Sys-
tem as the canonical test case, WHFast512 is a reliable
and fast N-body integrator for many small-N simula-
tions. It is particularly well suited for simulations that
determine the stability of planetary systems because
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these simulations are typically stopped as soon as or-
bits cross or close encounters occur.

We argue that WHFast512 is almost optimal in terms
of performance and accuracy for these kind of simula-
tions on present day CPUs. Small improvements might
still be possible, but the two main bottlenecks are now
the square root calculations in the interaction step and
the finite number of iterations (~3) in the Kepler solver.
On the hardware side, the only changes that would im-
prove the runtime are an increase in clock speed or an in-
crease in floating point execution units. Neither of those
changes seem likely given the current trend towards high
parallelism and low precision aimed at machine learning
applications.

Future work might focus on applying similar tech-
niques to those presented in this paper to larger,
arbitrary-N simulations and to non-symplectic or
hybrid-symplectic integrators that are capable of accu-
rately resolving close encounters.

WHFast512 is freely available in the REBOUND integra-
tor package at https://rebound.hanno-rein.de. REBOUND
is compiled with WHFast512 by default on 64-bit x86
systems. At runtime, REBOUND checks for the relevant
CPU flags and reports an error if the CPU does not sup-
port AVX512 instructions. WHFast512 is also available
in precompiled python wheels for Linux and Windows.
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